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,23j3 
An approximate s o l u t i o n  of the t ransonic  th roa t  flow i n  a DeLaval 

nozzle  is found by expanding the po ten t i a l  funct ion i n  a power s e r i e s  
about the  c r i t i c a l  l i ne .  Five terms were used i n  the  present  s e r i e s  
expansion, and the  complete poten t ia l  flow equation of motion was  used. 

Solut ions of the  present  se t  of equations a r e  funct ions of two 
independent parameters: 
the  r a t i o  of s p e c i f i c  hea ts  of the  f l u i d  medium. 
r e s u l t a n t  equations i s  complex enough t o  make an e l e c t r o n i c  computer 
program des i rab le .  
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i n  t h e  flow f i e l d  may be r ap id ly  computed. 
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TECHNICAL MEM0RAM)UM X-53081 

CALCULATION OF TRANSONIC NOZZLE FLOW 

SUMMARY 

An approximate s o l u t i o n  of the t ransonic  th roa t  flow i n  a De Lava1 
nozzle is found by expanding the  po ten t i a l  func t ion  i n  a power s e r i e s  
about the  c r i t i c a l  l i ne .  
expansion, and the  complete po ten t i a l  flow equation of motion was used. 

Five terms were used i n  the  present  s e r i e s  

Solut ions of the  present  se t  of equations a r e  funct ions of two 
independent parameters: the  radius  of curvature  of the  nozzle wal l  and 
the  r a t i o  of s p e c i f i c  hea ts  of the  f l u i d  medium. The s o l u t i o n  of the  
r e s u l t a n t  equations is complex enough t o  make an e l e c t r o n i c  computer 
program des i rab le .  For t h i s  reason, b a s i c  r e s u l t s  of a s e r i e s  of solu-  
t i ons  over a wide range of t he  two independent parameters a r e  given i n  
t abu la r  form. From these tabulated r e s u l t s ,  any q u a n t i t i e s  of i n t e r e s t  
i n  the flow f i e l d  may be r ap id ly  computed, 

I. INTRODUCTION 

Transonic flow through the  throa t  of an a x i a l l y  symmetric De Lava1 
nozzle has, i n  general ,  been solved only by assuming the  p o t e n t i a l  
func t ion  t o  be given by a power s e r i e s  and obtaining the so lu t ion  
through numerical ana lys i s .  
t i ons  are contained i n  References 1 (Oswatitsh and Rothstein) and 2 
(Sauer). Although the  general  approach t o  the problem i n  these two 
papers  is very s i m i l a r ,  the  f i n a l  methods of s o l u t i o n  a r e  q u i t e  d i f f e r e n t .  

Two of the  most gene ra l ly  ava i l ab le  solu-  

I n  the  method of Oswatitsh and Rothstein,  i t  is necessary t o  perform 
seve ra l  i t e r a t i o n s  on the bas i c  so lu t ion  t o  ob ta in  an e s s e n t i a l l y  closed 
s o l u t i o n  f o r  small rad ius  of curvature a t  the  throa t .  This process is 
tedious and, s i n c e  numerical d i f f e r e n t i a t i o n  procedures are required i n  
the  i t e r a t i o n s ,  i t  may not  be s t a b l e  f o r  the  number of i t e r a t i o n s  required 
t o  ob ta in  a closed so lu t ion ,  
only two terms i n  the  s e r i e s  expansion about t he  c r i t i c a l  l i n e  and should 
be used only f o r  nozzles with a large rad ius  of curvature.  

On the o ther  hand, Sauer 's  method uses 



The present paper cons i s t s  of an extension of the Sauer method by 
using more terms of the series expansion about the c r i t i c a l  l i ne .  This 
should increase the accuracy of the s o l u t i o n ,  e s p e c i a l l y  f o r  smaller 
values  of the th roa t  rad ius  of curvature.  Unfortunately,  the c o e f f i c i e n t s  
of the  s e r i e s  expansion became s o  complex t h a t  i t  is imprac t ica l  t o  
a t t e m p t  the de r iva t ion  of a l a rge  number of the  c o e f f i c i e n t s .  Therefore,  
the so lu t ion  given i n  t h i s  p a p e r  is  s t i l l  no t  a closed series s o l u t i o n  
f o r  r a d i i  of curvature  as s m a l l  as those encountered i n  typ ica l  p r e s e n t -  
day propulsion nozzles.  

11, EQUATION OF MOTION 

A cy l ind r i ca l  (x, r ,  @) coordinate  system is used wi th  the x-axis 
along the  cen te r l ine  of the nozzle with the  o r i g i n  a t  t he  pos i t i on  where 
the c r i t i c a l  v e l o c i t y  l i n e  crosses  the  nozzle cen te r l ine .  Assuming 
i r r o t a t i o n a l  flow of a pe r fec t ,  non-heat-conducting f l u i d  wi th  a constant  
r a t i o  of s p e c i f i c  hea t s ,  the  p o t e n t i a l  equat ion of motion is  

The l o c a l  sonic  v e l o c i t y  may be r e l a t e d  t o  the c r i t i c a l  son ic  v e l o c i t y ,  
aik, by 

Now, s u b s t i t u t i n g  (2) i n t o  (1) and l e t t i n g  

the  po ten t i a l  equation becomes 
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I f  equat ion (4) is l imi ted  t o  a small reg ion  i n  the  immediate v i c i n i t y  
of t h e  c r i t i c a l  curve, i t  is permissible t o  s e t  

U = l + u , V = v ,  (5 1 

where u and v a r e  small quan t i t i e s .  Upon s u b s t i t u t i o n  of (5) i n t o  (4), 
t h e r e  r e s u l t s  

+ 2u + Y-l .2 )  + [+ + y-l (u2 + 2u) 
7 + 1  ar 7 + 1  

(u2 + 2u + v2) - 1 1  = 0, ar  r [7 + 1 
au v y - 1  

7 + 1  
(1 + u) v - + - 4 +- 

7 - 1  

which is t h e  equation f o r  which a s o l u t i o n  w i l l  be sought. 

111, METHOD OF SOLUTION 

Considering the synuuetry about the x-axis, i t  is assumed that  a 
p o t e n t i a l  func t ion  s a t i s f y i n g  equation (6) can be found i n  the following 
f om:  

cp = fo(x)  + r"f,(x) + r 4f (x) + r6f,(x) + r8f8(x) + .... (7 1 

Then 

" f ' ( x )  + r2fL(x) + r4fk(x) + r 6 f i ( x )  + r8fL(x) + ... (8) U = a x =  0 

v = -  = 2rf,(x) + 4r3f4(x) + 6r5f6(x) + 8r7f,(x) + ..., 
a Y  

where primes denote de r iva t ives  with r e spec t  t o  x. 
and the  requi red  p a r t i a l  der iva t ives  of equations (8) are s u b s t i t u t e d  

When equations (8) 
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, I 

i n t o  equation (6),  the  r e s u l t i n g  equation can be arranged i n  powers of 
r. Then the ind iv idua l  coe f f i c i en t s  of the  powers of r a r e  equated t o  
zero and the following equations a r e  obtained. 

8 Y + l  [1 - y fb(2  + fb) ]  f, = f" 0 0  f ' ( 2  + f ' )  0 

32 [l - y-+ f 3 2  + f ' ) ]  f 4  = 2f" f y l  + f ' )  + f; f 3 2  + f;) 

( 9 )  

Y + l  0 0 0 

(10) 

+ 4 f" f2* + 8f f '  (1 + f ' )  + 16 f23 
y + l  0 2 2  0 Y + l  

2- [l - + f '  (2 + f ' ) ]  f,  = f; [2fk( l  + f ' )  + f; + 2f;f:(1 + f ' )  
Y + l  0 0 0 '1 0 

+ f"f ' (2  + f ' )  + 4 y-l (4f'df2f, + f1fz2) 
4 0  0 Y + l  

(11) 

[ 2 f i ( l  + f ' )  + fL2]f2 + 16 f L f 4 ( l  + fb)  
Y + l  0 

l6 [2(f2fk + f4f:) (1 + f ' )  + f,fL + 48 + 80f2' f 4  + - fz'f4. 
0 'I Y + l  Y + l  

128 [l - y-l f '  (2 + f ' )  f, = 2f" f; (1' + f ' )  + 2f"f' f i  
Y + l  2 0  0 1 0 0 0 2  

2 + 2 f l f k  (1 + fb) + f;f: + 2f"f' (1 + fb)  4 2  

+ f " f ' ( 2  + fb)  + 4 r-1 + f;) 
6 6  Y + l  



(equation 12 continued) 

2 + 2f2 fLf i  + 8f4 f1 ( l  + fb)  + 4f4f: 

+ 18f,fL(l + f ' )  + 6f2f6(f: + 3f2) + 4f42 (f: + 6f2) 
0 

+ 4f;f2f4 + f;f2'} + 3f2fL(l + f ' )  0 + 4 f 4 f k ( l  + fb) 

+ 3f6f:(1 + fb)  + fL(3f2fk + 2fLf4). 

Now, equations (9) through (12) express a l l  c o e f f i c i e n t s ,  i n  order ,  by t h e  
func t ion  fA(x) and its der iva t ives .  The func t ion  

is t he  v e l o c i t y  along t h e  nozzle cen te r l ine ,  and once it  is determined, 
t he  s o l u t i o n  of equations (9) through (12) f o r  t he  higher c o e f f i c i e n t s  
may be innnediately obtained. 
c l o s e  t o  the  c r i t i c a l  l i n e ,  then 

I f  we assume uo(x) t o  be a l i n e a r  func t ion ,  

f:, = uo(x) = ax, (13) 

where a is an unspecif ied constant. 

When equat ion (13) is inser ted  i n t o  equations (9) through (12), 
we o b t a i n  

= + (27 - 1 )  $x2 + 27(7 - 1 )  &x3 + 
f 2  8 

+ y-l (472 - 27 - 1) a5x4 + ... 2 (14) 
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f, = (yr e$ + 2(6y - 1) a4x + (36y2 - 197 - 4)a5x2 

+ 2(40y3 - 38y2 - 3 y  + 4 )  a6x3 + ... 1 

Now a and x are of the same order  of magnitude s o  t h a t  the  product apxq 
is the  same order  of magnitude as I f  equations (7) and equations 
(14)  through (17) are t o  be of the same order ,  f8 must be r e s t r i c t e d  t o  
a s i n g l e  term (a7) and f, t o  f 6  w i l l  be r e s t r i c t e d  t o  terms of t h i s  s a m e  

($xq = a7) order.  

To solve f o r  a, the  s t reaml ine  ad jacent  t o  the  nozzle w a l l  must 
have the  same curvature  as the  nozzle wal l .  Thus, 

where u and &/ax are evaluated a t  the  i n t e r s e c t i o n  of the  nozzle wal l  
and the  c r i t i c a l  ve loc i ty  l i n e .  In se r t ing  equations (8) and (14)  through 
(17) i n t o  (18), r e s u l t s  i n  

1 
A$ + B$ + Ca4 + Ea5 + GCX6 = - , 

PS 

where 

6 



. c  

E = (  y+l 4 )  ( 3 6 ~ ~  - 337 + 5) rs3 xs , 

The o r i g i n  of the x-axis is s t i l l  an unknown f o r  which a s o l u t i o n  must 
be found, I f  E is def ined as the  d is tance  from the  point  of i n t e r s e c t i o n  
of t he  c r i t i c a l  l i n e ,  and the  x-axis back t o  the  th roa t  sec t ion ,  then E: 
can be computed from the  requirement t h a t  v = 0 a t  the th roa t  wall. Then, 

 HE^ + Kc2 + LE + M = 0, 

where 

H = 27(7 - 1) oi! 

L = 2 + - ( 6 7 - 1 ) 0 ? + 2  ($q 
( 5 6 ~ ~  - 207 - 3)  & 

and 

7 



c 

and rs = 1 a t  the th roa t  w a l l .  
of the c r i t i c a l  l i n e  and the  th roa t  w a l l  can be found from the require-  
ments t h a t  

The a x i a l  pos i t i on  of the  i n t e r s e c t i o n  

(1 + u)2 + v2 = 1 

a t  x = xs, r = rs. Thus, 

where 

2 

P = 2 + y ( y  + 1 )  a2rE + 2 (y) (36y2 - 3y - 7 )  a4ri, 

and 

2 

Q =  8 [4 + (67 + 1)  $r S + f (F) (112y2 

1 

The r a d i a l  pos i t i on  of t h i s  po in t  is then found from 

r S = l + p s - J  P,' - (xs -E)' ' . 

(33) 

(35) 

8 



Now the  system of equations t h a t  m u s t  be solved [(19), (25), (31), (35)] 
are interdependent and s i n c e  equations (19) and (25) cannot be solved 
e x p l i c i t l y  f o r  t he  necessary roo t s ,  i t  is necessary t o  r e s o r t  t o  a 
numerical i t e r a t i o n  procedure t o  ob ta in  the so lu t ion .  

Af t e r  t h e  numerical s o l u t i o n  of the above set of equations is com- 
p l e t e d ,  l i n e s  of cons tan t  v e l o c i t y  are determined from 

2 
(36) (1 + u ) ~  + v2 = M* . 

When t h e  appropr i a t e  q u a n t i t i e s  a r e  s u b s t i t u t e d  i n t o  equat ion (36), 
t he  geometric p o s i t i o n  of the constant v e l o c i t y  l i n e  is 

where 

2 

2 + y ( y  + 1) $r2 + 2 (q) (36y2- 3y - 7)a4r4],(39) 

and 

Q~ = 1 - W2 + + l r  4 + (6y + 1) $r2 + 1. (my ( 1 1 2 ~ ~  1 3 \  8 

One of t h e  reasons f o r  computing constant v e l o c i t y  l i n e s  is t o  use t h e  
d a t a  as s t a r t - l i n e  da t a  f o r  a method of c h a r a c t e r i s t i c s  s o l u t i o n  of the 
downstream supersonic flow f i e l d .  
s t a n t  v e l o c i t y  l i n e s  were computed, it w a s  found that the s lope  of a l l  
cons tan t  v e l o c i t y  l i n e s  down t o  the t h r o a t  s e c t i o n  was  less than the Mach 
angle  a t  po in t s  near t h e  nozzle wall. This makes the cons tan t  v e l o c i t y  
l i n e s  unsu i t ab le  f o r  s t a r t i n g  l i n e s  s i n c e  t h i s  makes computed poin ts  f a l l  
behind the  s t a r t - l i n e  poin ts .  Since many nozzles have d i f f e r e n t  r a d i i  

For a l l  values of p, and y where con- 

9 



of curvature upstream and downstream of the  t h r o a t ,  it is o f t e n  d e s i r a b l e  
t o  have t h e  s ta r t  l i n e  begin a t  the th roa t  s e c t i o n  w a l l .  It was  found 
t h a t  an a r b i t r a r y  parabola t h a t  passes through the  t h r o a t  w a l l  could be  
used successfu l ly  as a s t a r t  l i n e .  Such a parabola can be  defined as 

X = K(l - r 2 ) ,  (41) 

where 

* - 1  - E = K I  - E. 
Mr=o K =  a 

For t h i s  parabola t o  be a v a l i d  s ta r t  l i n e ,  w e  must have 

1 - > tan p 2K r= 1 

or 

(43) 

7k 
where is the c r i t i c a l  v e l o c i t y  a t  the t h r o a t  w a l l  and is given i n  
Table 4. Therefore, the c r i t i c a l  v e l o c i t y  given on t h i s  a r b i t r a r y  
parabola a t  t h e  a x i s  must s a t i s f y  the  inequa l i ty  of (44) i f  no computed 
points are to f a l l  on o r  behind the  s tar t  l i n e .  The c r i t i c a l  v e l o c i t y  
on the  a x i s  must always be smaller than the c r i t i c a l  v e l o c i t y  a t  the 
th roa t  w a l l  f o r  t he  inequa l i ty  of (44) t o  hold. With chosen the 
geometry of t he  parabola is given by equation (41) and the v e l o c i t y  com- 
ponents a r e  given by 

u = + E1r2 + ~ ~ r *  + E3r6, (45) 

10 



E 2  = 8 [- 2K (27 - 1 + 67(7 - 1) m1}+ a (67 - 1 

2 

+ 3 (q) ( 5 6 ~ ~  - 207 - 3) $1 a*, 

~ 

v = qlr + q2r3 + q3r5 + q4r7, 

I where 

= [2 + (27 - 1) ai + 2y(7 - 1) $KI2] a ? K l ,  q 1  4 

r12 = 4 [- 2K (1 + (27 - 1) oKl + 37 (7 - 1) $K12} 

+ 9 a (2 + 2(67 - 1) ml + (36y2 - 197 - 4 )  $K12}] a?, (51) 

I -  

ll 



. 

I 

2 

+ (36y' - 19y - 4) W;} + 2 (9) 
(67 - 

74 9 [-K (27 ( y  - 1) K2 - 8 (36y2 - 197 - 4) ~a 

2 

+ 2 (9) (56y2 - 20y - 3)  

- 151y - 33) $1 a4 . 
Desired f i n a l  r e s u l t s  a r e  given by 

I@ = 4 (1  + u)2  + v' ' 

V 0 = tan-1 - l + u '  

(53) 

(54) 

(55) 

12 



IV .  NUMERICAL SOLUTION AND RESULTS 

It is poss ib le  t o  f i n d  a numerical i t e r a t i o n  technique f o r  t he  
s o l u t i o n  of the  foregoing sets of equations t h a t  c loses  s a t i s f a c t o r i l y .  
Equation (19) f o r  a was solved by Newton's r o o t  method. 
appears t o  have only one r e a l ,  pos i t i ve  r o o t  f o r  t yp ica l  values  of 
ps and y and the  de r iva t ive  is regular .  
one real negat ive r o o t  and its de r iva t ive  is regular  so t h a t  it is  
poss ib l e  t o  so lve  t h i s  equation by Newton's r o o t  method. The i t e r a t i o n  
procedure used t o  overcome the interdependence of the  four  equations is 
out l ined  i n  the  following procedure: 

This equation 

Equation (25) f o r  E has only 

Step 1: Solve equation (19) f o r  a with xs = 0, rs = 1. 

Step 2: Solve equation (25) f o r  E ,  using a from s t e p  1. 

Step 3: Solve equation (31) f o r  xs, using a from s t e p  1 and 
l e t  

rS = 1 +  ps --. 

Step 4: Solve equation (35) f o r  rs, using x, from s t e p  3 and 
E from s t e p  2, 

I t e r a t i o n  

S t e p  5: Repeat s t e p  1, using xs from s t e p  3 and rs from 
s t e p  4, 

Step 6: Repeat s t e p  2, using a from s t e p  5. 

S t e p  7: Repeat s t e p  3, using a from s t e p  5 and rs from 
s t e p  4. 

Step 8: Repeat s t e p  4, using xs from s t e p  7 and E 
s t e p  6, 

from 

The i t e r a t i o n  s t e p s  a r e  repeated u n t i l  two consecutive values  of a agree  
t o  the  des i r e d  tolerance.  

13 



Results of a parametric s e r i e s  of s o l u t i o n s  of the equations a r e  
given i n  Tables 1 through 4 f o r  var ious va lues  of y and p s .  
higher  values of y and lower values  of ps, imaginary values  of xs were 
obtained from equation ( 3 1 ) ,  and i t  was n o t  poss ib l e  t o  ob ta in  a numerical 
s o l u t i o n  for  these  cases.  There seems t o  be no physical  reason f o r  the 
c r i t i c a l  l i n e  not  t o  reach the  nozzle wal l  f o r  these condi t ions.  It 
appears , therefore ,  t h a t  the  t runcated series used t o  de r ive  the  equa- 
t ions  a re  not adequate f o r  these  p a r t i c u l a r  parametr ic  combinations. 

For the  

Equation (19) f o r  a is an a l t e r n a t i n g  ser ies  due t o  the f a c t  t h a t  
xs is negative; and s ince  the  general  t e r m  cannot be der ived,  i t  is 
impossible t o  prove t h a t  i t  is convergent. For small values  of a, i t  
has been shown numerically tha t  the  f i n a l  terms used i n  equation (19) 
a r e  in s ign i f i can t ,  and i t  can be assumed t h a t  the s e r i e s  i s  closed. 
However, fo r  l a r g e r  values  of a, the  f i n a l  term of equation (19) is 
s i g n i f i c a n t ,  compared t o  the  f i r s t  term, and the  so lu t ions  f o r  l a r g e  
values  of a are no t  closed. 
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